
\
PERGAMON International Journal of Heat and Mass Transfer 31 "0888# 0696Ð0611

9906Ð8209:87:, ! see front matter Þ 0887 Elsevier Science Ltd[ All rights reserved
PII] S 9 9 0 6 Ð 8 2 0 9 " 8 7 # 9 9 1 0 5 Ð 5

The in~uence of recycle on double!pass heat and mass
transfer through a parallel!plate device

C[!D[ Ho�\ H[!M[ Yeh\ W[!S[ Sheu
Department of Chemical Engineering\ Tamkang University\ Tamsui\ Taipei\ Taiwan 140\ Republic of China

Received 06 February 0887^ in _nal form 11 June 0887

Abstract

The in~uence of recycle on double!pass parallel!plate heat and mass exchangers with uniform wall temperature has
been studied analytically[ The heat or mass transfer problem is solved for fully developed laminar velocity pro_les in
parallel!plate channels by ignoring axial conduction\ and with ~uid properties of temperature independence[ Analytical
results show that recycle can e}ectively enhance the heat or mass transfer rate compared with that in an open conduit
"without an impermeable plate barrier inserted for double!pass and recycle operation#[ The desirable preheating e}ect
and the undesirable e}ect of decreasing residence time are the two con~ict e}ects produced by the recycle operation[ It
was found that the increase in preheating e}ect by increasing the re~ux ratio can generally compensate for the decrease
of residence time\ leading to improved performance\ exceptionally for very small Graetz numbers[ Þ 0887 Elsevier
Science Ltd[ All rights reserved[

Nomenclature

B conduit width ðmŁ
cp speci_c heat at constant pressure ðkJ:kg = KŁ
De equivalent diameter of conduit ðmŁ
dmn coe.cient in the eigenfunction Fa\m

emn coe.cient in the eigenfunction Fb\m

Fm eigenfunction associated with eigenvalue lm

f friction factor
GZ Graetz number\ W:aBL
Gm function de_ned during the use of orthogonal
expansion method
h¹ average heat transfer coe.cient ðkW:m1 = KŁ
Ih improvement of heat transfer\ de_ned by equation
"47#
Ip increment of power consumption\ de_ned by equa!
tion "54#
k thermal conductivity of the ~uid ðkW:m = KŁ
L conduit length ðmŁ
lwf friction loss in conduit\ ðkW = s:kgŁ
Nu Nusselt number
R re~ux ratio\ reverse volume ~ow rate divided by input
volume ~ow rate

� Corresponding author[ Tel[] 99775 1510 4545^ fax] 99775
1519 8776^ e!mail] cdhoÝmail[tku[edu[tw

Re Reynolds number
Sm expansion coe.cient associated with eigenvalue lm

T temperature of ~uid ðKŁ
TI inlet temperature of ~uid in conduit ðKŁ
Ts wall temperature ðKŁ
V input volume ~ow rate of conduit ðm2:sŁ
v velocity distribution of ~uid ðm:sŁ
v¹ average velocity of ~uid ðm:sŁ
W distance between two parallel plates ðmŁ
x transversal coordinate ðmŁ
z longitudinal coordinate ðmŁ[

Greek symbols
a thermal di}usivity of ~uid ðm1:sŁ
D ratio of channel thickness\ Wa:W
h transversal coordinate\ x:W
u dimensionless temperature "T−TI#:"Ts−TI#
lm eigenvalue
j longitudinal coordinate\ z:L
r density of the ~uid ðkg:m2Ł
c dimensionless temperature "T−Ts#:"TI−Ts#[

Subscripts
a in forward ~ow channel
b in backward ~ow channel
F at the outlet of a double!pass device



C[!D[ Ho et al[:Int[ J[ Heat Mass Transfer 31 "0888# 0696Ð06110697

I at the inlet
L at the outlet\ j � 0
9 in a single!pass device without recycle
s at the wall surface[

0[ Introduction

The early studies of laminar heat and mass transfer in
a bounded conduit is known as Graetz problems ð0\ 1Ł
with ignoring axial conduction or di}usion[ The exten!
sion of Graetz problems to involve axial conduction or
di}usion\ particularly for low Prandtl number ~uids such
as liquid metals\ is called extended Graetz problems ð2Ð
09Ł[ Recently\ numerous notable papers have been stud!
ied to treat the conjugated conductionÐconvection prob!
lem\ as in conjugated Graetz problems ð00Ð06Ł\ and
brought up to deal with heat and:or mass transfer pro!
cesses when fully energy equations for two or more con!
tiguous phases or streams are to be solved simul!
taneously[

Loop reactors ð07\ 08Ł\ air!lift reactors ð19\ 10Ł and
draft!tube bubble columns ð11\ 12Ł\ which have been
developed with internal or external re~uxes at both ends\
are well!known devices in separation processes and reac!
tor designs\ and are widely used in absorption\ fermen!
tation\ and polymerization[ The re~ux ratio and the pos!
ition of an impermeable plate barrier\ which is inserted
for recycle operation\ are the two important factors to be
considered in designing heat and mass transfer processes
with internal and external re~uxes at both ends[ For this
purpose the fully developed laminar velocity pro_le is
assumed and the conjugated Graetz problem is discussed
for uniform wall temperature[ The analytical solutions of
Graetz problems or conjugated Graetz problems were
essentially performed by the use of orthogonal expansion
techniques ð13Ð21Ł\ and a numerical and experimental
study was carried out in the previous work ð22Ł[

It is the purpose of this study to develop the complete
theory and investigate the improvement of performance
in double!pass parallel!plate heat and mass exchangers
with external recycle at the outlet of such devices[

1[ Temperature distribution in a double!pass device with

recycle

Consider the heat transfer in two channels with thick!
ness DW and "0−D#W\ respectively\ which is obtained
by inserting an impermeable plate barrier with negligible
thickness and thermal resistance\ into a parallel conduit
of thickness W\ length L\ and width B "ŁW#\ as shown

in Fig[ 0[ Before entering the upper channel\ the ~uid
with volume ~ow rate V and the outlet temperature TL

from the lower channel\ will mix with the recycle ~uid of
volume ~ow rate RV and outlet temperature TF\ which is
controlled by means of a conventional pump situated at
the end of upper channel[

After the following assumptions are made] constant
physical properties and wall temperatures^ purely fully!
developed laminar ~ow in each channel^ negligible end
e}ects and axial conduction or di}usion^ the velocity
distributions and equations of energy in dimensionless
form may be obtained as

11ca"ha\ j#

1h1
a

� 0
W1

ava

La 1
1ca"ha\ j#

1j
"0#

11cb"hb\ j#

1h1
b

� 0
W1

bvb

La 1
1cb"hb\ j#

1j
"1#

va"ha# � va"5ha−5h1
a #\ 9 ¾ ha ¾ 0 "2#

vb"hb# � va"5hb−5h1
b#\ 9 ¾ hb ¾ 0 "3#

in which

va � ðV:WaBŁ\ vb � −ðV"R¦0#:WbBŁ\

ha �
xa

Wa

hb �
xb

Wb

\ j �
z
L

GZ �
V"Wa¦Wb#

aBL
�

VW
aBL

\ Wa � DW\

Wb �"0−D#W\
Wa

Wb

�
D

0−D

ca �
Ta−Ts

TI−Ts

\ cb �
Tb−Ts

TI−Ts

\

ua � 0−ca �
Ta−TI

Ts−TI

\ ub � 0−cb �
Tb−TI

Ts−TI

[ "4#

The boundary conditions for solving equations "0# and
"1# are

ca"9\ j# � 9 "5#

cb"9\ j# � 9 "6#

ca"0\ j# � cb"0\ j# "7#

−
1ca"0\ j#

1ha

�
Wa

Wb

1cb"0\ j#
1hb

"8#

and the dimensionless outlet temperature is

uF � 0−cF �
TF−TI

Ts−TI

[ "09#

Inspection of the above equations shows that bound!
ary conditions for both channels are conjugated and the
analytical solutions to this type of problem may be solved
simultaneously by use of the power!series expansion tech!
nique[
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Fig[ 0[ Double!pass parallel!plate heat exchanger with recycle at the outlet[

Separation of variables in the form

ca"ha\ j# � s
�

m�0

Sa\mFa\m"ha#Gm"j# "00#

cb"hb\ j# � s
�

m�0

Sb\mFb\m"hb#Gm"j# "01#

applied to equations "0# and "1# yields

Gm"j# � e−lm"0−j# "02#

Fýa\m"ha#−$
lmW1

ava"ha#
La %Fa\m"ha# � 9 "03#

Fýb\m"hb#−$
lmW1

bvb"hb#
La %Fb\m"hb# � 9 "04#

and also the boundary conditions in equations "5#Ð"8#
can be rewritten as

Fa\m"9# � 9 "05#

Fb\m"9# � 9 "06#

Sa\mFa\m"0# � Sb\mFb\m"0# "07#

−Sa\mF?a\m"ha\m# =ha�0 �
Wa

Wb

Sb\mF?b\m"hb# =hb�0 "08#

where the primes on Fa\m"ha# and Fb\m"hb# denote the
di}erentiations with respect to ha and hb\ respectively[

Combination of equations "07# and "08# results in

Sa\m

Sb\m

�
Fb\m"0#
Fa\m"0#

� −
Wa

Wb

F?b\m"hb# =hb�0

F?a\m"ha# =ha�0

"19#

in which the eigenfunctions Fa\m"ha# and Fb\m"hb# were
assumed to be polynomials to avoid the loss of generality[
With the use of equations "05# and "06#\ we have

Fa\m"ha# � s
�

n�9

dmnh
n
a\ dm9 � 9\ dm0 � 0"selected#

"10#

Fb\m"hb# � s
�

n�9

emnh
n
b\ em9 � 9\ em0 � 0"selected#[

"11#

Substituting equations "10# and "11# into equations
"03# and "04#\ all the coe.cients dm\n and em\n may be
obtained in terms of eigenvalue lm\ as referred to in the
Appendix[ Therefore\ it is easy to solve all eigenvalues
from equation "19# and the eigenfunctions associated
with the corresponding eigenvalues are also well de_ned
by equations "10# and "11#[ The eigenvalues\ lm\ thus
calculated\ include a positive set\ a negative set and a
complex set\ the eigenvalues indicated in Table 0 are the
set dominant in the system[ Equations "03# and "04# are
the special cases of SturmÐLiouville problem with the
velocity distributions in both channels having opposite
signs over the interval in question[

The dimensionless outlet temperature cF which is
referred to as the bulk temperature\ may be calculated by

cF �

−g
0

9

vbWbBcb"hb\ 9# dhb

"R¦0#V

�
−0

"R¦0#GZ"0−D#

× s
�

m�0

e−lmSb\m

lm

ðF?b\m"0#−F?b\m"9#Ł "12#
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Table 0
Eigenvalues and expansion coe.cients as well as dimensionless outlet temperatures in double!pass devices with recycle for D � 9[4 and
R � 0[ GZl0 � −8[56773 and GZl1 � −08[0860

GZ m lm Sa\m Sb\m cF"l0# cF"l0\ l1#

0 0 −8[56773 1[2×09−3 0[3×09−4 9[08416 9[08580
1 −08[0860 −5[3×09−00 −7[3×09−01

09 0 −9[85677 1[9 0[1×09−0 9[17380 9[17380
1 −0[80860 0[2×09−6 −0[6×09−7

099 0 −9[98568 00[5 6[0×09−0 9[63038 9[63038
1 −9[08086 6[1×09−5 −8[4×09−6

0999 0 −9[99857 05[4 0[9 9[85378 9[85378
1 −9[90819 3[8×09−4 −5[4×09−4

and may be examined by equations "13# and "15# which
is readily obtained from the following overall energy bal!
ance on both channels at both ends

cF �

−g
0

9

vbWbBcb"hb\ 0# dhb−g
0

9

vaWaBca"ha\ 0# dha

RV

or\ by using equations "03#\ "04# and "08#

cF �
0

RGZ"0−D#6 s
�

m�0

Sb\mF?b\m"9#
lm"0−D#

¦ s
�

m�0

Sa\mF?a\m"9#
lmD 7

"13#

and

V"0−cF# � g
0

9

aBL
Wa

1ca"9\ j#
1ha

dj

¦g
0

9

1cb"9\ j#
1hb

dj

� $
aBL
Wa

s
�

m�0

Sa\mF?a\m"9#g
0

9

e−lm"0−j# dj

¦
aBL
Wb

s
�

m�0

Sb\mF?b\m"9#g
0

9

e−lm"0−j# dj% "14#

or

cF � 0−
0

GZ$ s
�

m�0

"0−e−lm#
lmD

Sa\mF?a\m"9#

¦ s
�

m�0

"0−e−lm#
lm"0−D#

Sb\mF?b\m"9#%[ "15#

In equation "13# the term −Ð0
9 vbWbcb"hb\ 0# dhb\ denotes

the inlet stream of channel b\ and Ð0
9 vaWaca"ha\ 0# dha

and cFRV are the outlet stream of channel a and the
recycle stream from channel b\ respectively^ in equation
"14# the left!hand side refers to the net outlet energy\
while the right!hand side is the total amount of heat
transfer from hot plates to the ~uid[

Mathematically\ with known Graetz number "GZ# and
re~ux ratio "R#\ as well as the ratio of channel thickness
"D � Wa:W#\ the eigenvalues "l0\ l1\ [ [ [ \ lm\ [ [ [# can be
calculated from equation "19#[ Fortunately\ it is seen
from equations "A2# and "A3# in the Appendix that GZ

and lm always appear together and one may further de_ne
a modi_ed eigenvalue as l�m � GZlm � constant[ In this
case l�m is independent of GZ and one need not repeat the
computation of lm for di}erent GZ[ Since both Fa\m"ha#
and Fb\m"hb# are not orthogonal functions for the system
of interest\ the expansion coe.cients\ Sa\m and Sb\m\ can!
not be completely found by the orthogonality rule[ Here
we assume that equations "00# and "01# converge rapidly
and only the _rst two terms in each equation as well as
the _rst two eigenvalues\ l0 and l1\ are needed to take[
The rapid convergence of equations "00# and "01# will be
veri_ed later[ Accordingly\ we have\ from equations "19#\
"12#\ "13# and "15#

Sa\0

Sb\0

�
Fb\0"0#
Fa\0"0#

"16#

Sa\1

Sb\1

�
Fb\1"0#
Fa\1"0#

"17#

cF ¼
0

"R¦0#GZ"0−D#6
e−l0Sb\0

l0

ðF?b\0"0#−F?b\0"9#Ł

¦
e−l1Sb\1

l1

ðF?b\1"0#−F?b\1"9#Ł7 "18#

cF ¼
0

RGZ"0−D#6
Sb\0F?b\0"9#
l0"0−D#

¦
Sb\1F?b\1"9#
l1"0−D#

¦
Sa\0F?b\0"9#

l0D
¦

Sa\1F?b\1"9#
l1D 7 "29#

cF ¼ 0−
0

GZ6
"0−e−l0#

l0D
Sa\0F?a\0"9#

¦
"0−e−l1#

l1D
Sa\1F?b\1"9#¦

"0−e−l0#
l0"0−D#

Sb\0F?b\0"9#
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¦
"0−e−l1#
l1"0−D#

Sb\1F?b\1"9#7[ "20#

Therefore\ with known D\ R and GZ\ once the _rst two
eigenvalues\ l0 and l1\ are calculated from equation "19#\
the corresponding values of Sa\0\ Sa\1\ Sb\0\ Sb\1 and cF can
be obtained by solving equations "16#Ð"20# simul!
taneously[ Table 0 shows some results of eigenvalues and
their corresponding expansion coe.cients for D � 9[4\
R � 0 and GZ � 0\ 09\ 099 and 0999\ while Table 1 shows
the corresponding results of dimensionless outlet tem!
peratures[ It is seen from Table 1 that the in_nite!series
equations for temperature distribution are really con!
verged very rapidly even for the very small value of
Graetz number such as GZ � 0\ and only the _rst negative
eigenvalue is necessary to be considered during the cal!
culation of temperature distribution[ Accordingly\ the
simpli_ed equations\ equations "18#Ð"20#\ obtained from
equations "12#\ "13# and "15#\ respectively\ are really
acceptable[

The dimensionless temperature at the end point "j � 0#
of lower channel can be expressed as follows]

cL �
g

0

9

vaWaBca"ha\ 0# dha

V

�
0

GZD
s
�

m�0

Sa\m

lm

ðF?a\m"0#−F?a\m"9#Ł[ "21#

2[ Temperature distribution in a single!pass device

For the single!pass device of the same size without
recycle\ R � 9\ the impermeable plate barrier in Fig[ 0 is
removed and thus\ D � 0\ Wa � W and ha � h9[ As we
can see\ however\ it is di.cult to obtain the solutions of
a single!pass device without recycle from equations "18#Ð
"20# by setting D � 0 and R � 9[ The velocity distribution
and equation of energy in dimensionless form may then
be written as

11c9"h9\ j#

1h1
9

� 0
W1v9"h9#

La 1
1c9"h9\ j#

1j
"22#

v9"h9# �
V

WB
"5h9−5h1

9#\ 9 ¾ h9 ¾ 0 "23#

in which

h9 �
x
W

\ j �
z
L

\ c9 �
T9−Ts

TI−Ts

\

GZ �
VW
aBL

\ u9 � 0−c9 �
T9−TI

Ts−TI

[ "24#

The boundary conditions for solving equation "22# are

c9"9\ j# � 9 "25#

c9"0\ j# � 9 "26# T
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c9"h9\ 9# � 0[ "27#

Introduce the form of separation of variables for c9 as

c9"h9\ j# � s
�

m�0

S9\mF9\m"h9#G9\m"j#[ "28#

Substitution of equation "28# into equation "22# yields

G9\m"j# � e−l9\mj "39#

Fý9\m"h9#−$
l9\mW1v9"h9#

La %F9\m"h9# � 9 "30#

and the boundary conditions in equations "25# and "26#
can be rewritten as

F9\m"9# � 9 "31#

F9\m"0# � 9 "32#

in which the eigenfunctions F9\m"h9# were assumed to be
polynomials to avoid the loss of generality[ With the use
of equation "31#\ we have

F9\m"h9# � s
�

n�9

kmnh
n
9\ km9 � 9\ km0 � 0"selected#[

"33#

Substituting equation "33# into equation "32#\ all the
coe.cients kmn may be obtained in terms of eigenvalue
l9\m\ as referred to in the Appendix[ Furthermore\ by
applying the boundary condition in equation "32# into
equation "33#\ one obtains

9 � s
�

n�9

kmn[ "34#

Thus\ the eigenvalues can be calculated once the Graetz
numbers GZ are speci_ed[

The orthogonality condition of the single pass system
is easy to show as

g
0

9

v9"h9#S9\mS9\nF9\mF9\n dh9 � 9\ n � m[ "35#

Also\ from the inlet condition\ equation "27#\ we have

0 � s
�

m�0

S9\mF9\m"h9#[ "36#

Therefore\ with the use of the orthogonality condition\
the general expression for the expansion coe.cients can
be obtained from equation "36# as

S9\
m �

g
0

9

v9"h9#F9\m"h9# dh9

g
0

9

v9"h9#F1
9\m"h9# dh9

�
0

l9\m

ðF?9\m"0#−F?9\m"9#Ł

$F?9\m"9#
1F9\m"9#

1l9\m

−F?9\m"0#
1F9\m"0#

1l9\m %
[ "37#

The dimensionless outlet temperature is calculated by

c9\L �
WB
V g

0

9

v9"h9#WBc9"h9\ 0# dh9

�
0

GZ

s
�

m�0

e−l9\mS9\m

l9\m

"F?9\m"0#−F?9\m"9## "38#

and may be examined by equation "40#\ which is readily
obtained from the following overall energy balance on
both channels

V"0−c9\L# � g
0

9

aBL
W

1c9"9\ j#
1h9

dj

−g
0

9

aBL
W

1c9"0\ j#
1h9

dj

�
aBL
W $ s

�

m�0

S9\mF?9\m"9#g
0

9

e−l9\mj dj

− s
�

m�0

S9\mF?9\m"0#g
0

9

e−l9\mj dj% "49#

or

c9\L � 0−
0

GZ

s
�

m�0$
"0−e−l9\m#

l9\m

S9\mF?9\m"9#

−
"0−e−l9\m#

l9\m

S9\mF?9\m"0#%[ "40#

The calculation procedure for a single!pass device
without recycle is rather simpler than that for a double!
pass device with recycle[ Mathematically\ once the Graetz
number is given\ the eigenvalues can be calculated from
equation "34# and the associated expansion coe.cients
S9\m are then calculated from equation "37#[ Fortunately\
it is also seen from equation "A5# in the Appendix that
GZ and l9\m always appear together and we may further
de_ne a modi_ed eigenvalue as l�9\m � GZl9\m �constant[
In this case l�9\m is independent of GZ and one need not
repeat the computation of l9\m for di}erent GZ[ Finally\
the dimensionless outlet temperature "u9\L � 0−c9\L#
may be obtained from either equation "38# or equation
"40#[

3[ Improvement of transfer ef_ciency

Now\ the Nusselt number for a double!pass device with
recycle may be de_ned as

Nu �
h¹W
k

"41#

in which the average heat transfer coe.cient is de_ned
as

q � h¹ "1BL#"Ts−TI#[ "42#

Since
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h¹ "1BL#"Ts−TI# � Vrcp"TF−TI# "43#

or

h¹ �
Vrcp

1BL 0
TF−TI

Ts−TI1�
Vrcp

1BL
"0−cF# "44#

thus

Nu �
h¹W
k

�
VW
1aBL

"0−cF# � 9[4GZuF[ "45#

Similarly\ for a single!pass device without recycle

Nu9 �
h9W

k
�

VW
1aBL

"0−c9\L# � 9[4GZu9\L[ "46#

The improvement of performance by employing a
double!pass device with recycle is best illustrated by cal!
culating the percentage increase in heat!transfer rate\
based on the heat transfer of a single!pass device with the
same device dimension and operating conditions\ but
without impermeable plate barrier and recycle\ as

Ih �
Nu−Nu9

Nu9

�
c9\L−cF

0−c9\L

�
uF−u9\L

u9\L

[ "47#

4[ Increment of power consumption

The friction loss in conduits may be estimated by

lwf �
1fv¹1L
De

"48#

where v¹ and De denote the bulk velocities in the conduits
and the equivalent diameters of the conduits\ respectively\
while f is the friction factor which is the function of
Reynolds number\ Re[ Accordingly

v9 �
V

BW
\ va �

V
BDW

\ vb �
"R¦0#V

B"0−D#W
"59#

De\9 � 1W\ De\a � 1DW\ De\b � 1"0−D#W[ "50#

Thus\ from equations "59# and "50#\ one obtains

Re9 � Rea �
Reb

"R¦0#
"51#

and then we have\ for laminar ~ow

f9 � fa � fb"R¦0#[ "52#

The increment of power consumption\ Ip\ may be
de_ned as

Ip �
"lwf\a¦lwf\b#−"lwf\9#

lwf\9

[ "53#

Substitution of equations "48#Ð"52# into equation "53#
results in

Ip �
0

D2
¦

R¦0

"0−D#2
−0[ "54#

Some results for Ip are presented in Table 2[ It is seen
from this table that the increment of power consumption
does not depend on Graetz number but increases with
the re~ux ratio or as D goes away from 9[4\ especially for
D × 9[4[

5[ Results and discussion

5[0[ Outlet temperature and transfer ef_ciency in a double!
pass device with recycle

Table 0 shows some calculation results of the _rst two
eigenvalues and their associated expansion coe.cients\
as well as the dimensionless outlet temperatures\ for
D � 9[4\ R � 0\ and GZ � 0\ 09\ 099 and 0999[ It was
observed that due to the rapid convergence\ only the _rst
negative eigenvalue is necessary to be considered during
the calculation of temperature distribution[ Figure 1
shows the relation of another more practical form of
dimensionless outlet temperature ub"hb\ 9# � uF vs GZ

with the re~ux ratio R as a parameter for D � 9[4 while
Fig[ 2 with the ratio of channel thickness D as parameter[
It is found in Figs 1 and 2 that for a _xed re~ux ratio\
the dimensionless average outlet temperature decreases
with increasing the Graetz number GZ owing to the short
residence time of ~uid\ but increases as the re~ux ratio R
increases\ due to the preheating e}ect\ or when the ratio
of channel thickness D decreases\ due to the creation
of high convective heat!transfer coe.cient in channel a
where the temperature di}erence between the heated
plate and ~uid is larger than in channel b[ Figure 3 shows
the theoretical average Nusselt numbers Nu vs GZ\ with
the re~ux ratio as a parameter for D � 9[4 while Fig[ 4
with re~ux ratio and the ratio of the channel thickness D
as parameters[ It is seen in Figs 3 and 4 that Nu increases
with increasing R\ but with decreasing D\ as shown in
Fig[ 5[

Table 2
The increment of power consumption with re~ux ratio and bar!
rier position as parameters

R

Ip ")#

D � 9[14 D � 9[4 D � 9[64

9[4 55[45 08[99 86[26
0[9 56[63 12[99 018[26
1[9 69[00 20[99 082[26
4[9 66[11 44[99 274[26
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Fig[ 1[ Dimensionless outlet temperatures of both devices vs GZ with re~ux ratio as parameter^ D � 9[4[
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Fig[ 2[ Dimensionless outlet temperature vs GZ with D as parameter^ R � 0 and 4[
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Fig[ 3[ Average Nusselt number vs GZ with re~ux ratio as parameter^ D � 9[4[
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Fig[ 4[ Average Nusselt number vs GZ with D as parameter^ R � 0 and 4[
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Fig[ 5[ Average Nusselt number vs D with re~ux ratio as parameter^ GZ � 099[
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5[1[ Improvement in transfer ef_ciency based on a sin`le!
pass device without recycle

Figures 1 and 2 also show that the theoretical dimen!
sionless outlet temperature u9\L in a single!pass device
without recycle\ decreases with increasing Graetz number
GZ due to the short residence time[ Further\ the com!
parison of dimensionless outlet temperatures\ uF and u9\L\
as well as average Nusselt numbers\ Nu and Nu9\ may be
observed from Figs 1Ð3[ It is seen from Figs 1 and 2 that
the di}erence "uF−u9\L# of outlet temperatures increases
with GZ for intermediate GZ values\ but then turns to
decreasing and seems to reach zero as GZ approaches
in_nite\ with any values of R and D[ On the other hand
as shown in Fig[ 3\ "Nu−Nu9# increases with GZ or with
re~ux ratio R\ but the increase with GZ is limited as GZ

approaches in_nite[ It is also noted from Figs 1 and 2
that even for very low GZ\ uF still can be higher than\ or
equal to\ u9\L if F is high enough or if D is small enough[
In other words\ for obtaining the improvement in transfer
e.ciency under very low Graetz number\ higher re~ux
ratio or lower ratio of channel thickness is needed[

Some numerical values of the improvement in per!
formance Ih were given in Table 1[ The minus signs in
Table 1 indicate that when GZ � 0\ no improvement in
transfer e.ciency can be achieved as R ¾ 4 and D − 9[14\
and in this case\ the single!pass device without recycle is
preferred to be employed rather than using the double!
pass one with recycle operating at such conditions[ As
mentioned above\ however\ when GZ is smaller than 0\
the improvement may be still obtainable when the re~ux
ratio is high enough or if D is small enough[ This fact
may be observed from Figs 1 and 2[ In this case\ however\
the power consumption will be extremely high due to the
use of high R or small D\ as shown in Table 2 and thus\
operation under this particular case is not an economical
and feasible way[

6[ Conclusion

Heat and mass transfer through a double!pass parallel!
plate device with recycle has been investigated ana!
lytically with ignoring axial conduction or di}usion[ For
axial ~uid conduction to be ignored\ the ~ow Peclet num!
ber should be high enough\ say Pe × 49[ Since Graetz
number is de_ned as GZ � Pe"W:L#\ for small values of
GZ\ in order to neglect axial ~uid conduction or di}usion\
"W:L# ratio should not exceed some certain values "i[e[
GZ � 0\ W:L should be less than 9[91#[ Therefore\ for
small GZ number ~ows\ for this assumption to be valid
the limiting values of W:L should be taken into con!
sideration[ Application of the recycle!e}ect concept in a
parallel!plate heat! or mass!device with the use of double!
pass operation\ is technically and economically feasible[

Moreover\ further improvement in transfer e.ciency
may be obtained if the smaller ratio of channel thickness
D is selected[ The comparison of transfer e.ciencies
between the device with recycle and the one without recy!
cle is readily observed from Fig[ 3 and Table 1[ The
improvement of performance is really obtained by
employing a double!pass device with recycle\ instead of
using a single!pass device of same size without recycle[
As shown in Table 1\ the improvement increases with
increasing the Graetz number and re~ux ratio\ as well as
with decreasing the ratio of channel thickness[

The equations of heat or mass transfer through a par!
allel!plate device with external recycle have been derived
by using the expansion technique with the eigenfunctions
expanding in terms of an extended power series[
Although the eigenfunctions are not orthogonal and the
expansion coe.cients could not be completely found by
the orthogonality rule\ however\ the power!series
expressions for temperature distribution converge very
rapidly and only the _rst two eigenvalues as well as their
corresponding eigenfunctions are needed[ The expansion
coe.cients of these eigenfunctions were calculated from
the energy!balance equations\ simultaneously\ in fact\ the
design of a recycle device will produce the desirable pre!
heating "or premixing# e}ect and the undesirable e}ect
of decreasing residence time[ It is concluded that recycle
e}ect can enhance heat and mass transfer\ especially for
the case that Graetz number is not su.ciently small
enough "say GZ ¾ 0#\ and the enhancement increases with
the re~ux ratio increasing\ or the channel thickness
decreasing[ At very low Graetz number "either small
input volume ~ow rate V or large conduit length L#\ the
residence time is essentially long and should be kept for
good performance of open duct "without the plate barrier
and recycle#[ In this case\ therefore\ the preheating e}ect
by increasing the re~ux ratio cannot compensate for the
decrease of residence time[ On the other hand\ the intro!
duction of re~ux has a positive e}ect on the heat and
mass transfer for the case of not very small Graetz
number[ This is due to the preheating e}ect having more
in~uence than the residence!time e}ect here[

The present paper is actually the extension of another
recycle problem in previous works ð21\ 22Ł\ in which the
recycle is introduced from the outlet of channel b to
mix with the inlet of channel a\ while the heated ~uid is
withdrawn from the end of channel a[ Figure 6 also
illustrates some results obtained in ref[ ð21Ł with the same
parameter values used in Fig[ 4 for comparison[ With
this comparison\ the advantage of the present results is
evident[
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Fig[ 6[ The results obtained in ref[ ð22Ł with the same parameter values used in Fig[ 4[
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Appendix

Equations "03# and "04# can be rewritten as

Fýa\m"ha#−lmGZD"5ha−5h1
a #Fa\m"ha# � 9 "A0#

Fýb\m"hb#¦lmGZ"R¦0#"0−D#"5hb−5h1
b#Fb\m"hb# � 9[

"A1#

Combining equations "A0#\ "A1#\ "05#\ "06#\ "10# and
"11# yields

dm0 � 0

dm1 � 9

dm2 � 9

dm3 �
0
1

lmGZD

*

dmn �
5

n"n−0#
lmGZD"dm"n−2#−dm"n−3## "A2#

em0 � 0

em1 � 9

em2 � 9

em3 � −
0
1

lmGZ"R¦0#"0−D#

*

emn � −
5

n"n−0#
lmGZ"R¦0#"0−D#"em"n−2#−em"n−3##[

"A3#

"ii# Equation "30# can be rewritten as

Fý9\m"h9#−l9\mGZ"5h9−5h1
9#F9\m"h9# � 9[ "A4#

Substituting equation "33# into equation "A4# with the
use of equation "31# yields

km0 � 0

km1 � 9

km2 � 9

km3 �
0
1

l9\mGZ

*

kmn �
5l9\mGZ

"n−0#
"km"n−2#−km"n−3##[ "A5#
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